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In this paper, we show that the Kirchhoff equations are derived from the Schro¨dinger equation
by assuming the wave function to be a polynomial like solution. These Kirchhoff equations describe
the evolution of n point vortices in hydrodynamics. In two dimensions, Kirchhoff equations are
used to demonstrate the solution to single particle Laughlin wave function as complex Hermite
polynomials. We also show that the equation for optical vortices, a two dimentional system, is
derived from Kirchhoff equation by using paraxial wave approximation. These Kirchhoff equations
satisfy a Poisson bracket relationship in phase space which is identical to the Heisenberg uncertainty
relationship. Therefore, we conclude that being classical equations, the Kirchhoff equations, describe
both a particle and a wave nature of single particle quantum mechanics in two dimensions.
I. INTRODUCTION
Nine different formulations of non-relativistic quantum mechanics exist [1]. They are, wavefunction for-
malism, matrix mechanics, path integral formalism, phase space formalism, density matrix formalism, second
quantization, variational formalism, pilot wave theory, and Quantum Hamilton-Jacobi (QHJ) formulations.
Of these, the wave function formalism and the matrix mechanics are popular and few other formalisms
attempt to map the quantum mechanics to classical mechanics. The well known one’s are the phase space
formalism [8] and pilot wave theory. In the phase space formulation, where Wigner quasi-probability distri-
bution [8] is defined such that it links the wave function that appears in Schro¨dinger equation to a probability
distribution in phase space, but this formalism has a draw back of negative probabilities. This mapping of
quantum mechanics to classical mechanics is of central importance to the philosophy of physics, and also the
interpretation of quantum mechanics.
One of the first attempts to find a classical relationship is given by Erwin Madelung known as Madelung
quantum hydrodynamics [9] and the Madelung equations
∂tρm +∇ · (ρmu) = 0, (1)
and
du
dt
= ∂tu+ u · ∇u = − 1
m
∇ (Q+ V ) (2)
where u is the flow velocity, ρm = mρ = m|ψ|2 is the mass density, Q = − ~
2
2m
∇2√ρ√
ρ
= − ~
2
2m
∇2√ρm√
ρm
is the
Bohm quantum potential, and V is the potential from the Schro¨dinger equation. The Kirchhoff equations
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2are given by
dz¯i
dt
=
n∑
1≤i≤n,i6=j
iΓi
zi − zj + iW (zi) (3)
which describe the evolution of n point vortices in incomprehensible fluid [7], where zi = xi+ iyi are position
of vortices, Γi the circulation strength, W (zi) is background flow and z¯i = xi − iyi. are derived from Euler
equations (1) and (2), for the complex velocity [13]. Readers should note that in deriving Kirchhoff equations
quantum potential Q is not considered.
This Madelung quantum hydrodynamics formalism was later modified by Bohm, known as the pilot wave
formulation [11, 12]. de Broglie first proposed the pilot wave theory of double solution [10], to explain
wave particle duality. In this theory, the Schro¨dinger equation has two solutions, one the regular wave
function ψ(x, y, z) = aeiφ(x,y,z) where a is a constant, and the other physical wave solution u(x, y, z) =
f(x, y, z)eiφ(x,y,z). The two solutions are related by the phase φ(x, y, z). The singularities in u(x, y, z) are
due to presence of singularities in f(x, y, z) give rise to particle-like nature. These are moving singularities.
The drawback of the theory is that it explains only single particle case. This theory was further developed
by Bohm [11, 12] for a system of many particles. In this theory, the wave particle duality vanishes, quantum
system behaves like a particle and a wave, simultaneously, in the same experimental setup. Then the particles
are directed by the pilot wave which will guide them to areas of interference.
In this paper, the Kirchhoff equations are derived from the Schro¨dinger equation by assuming the wave
function to be a polynomial like solution. These Kirchhoff equations describe the evolution of n point
vortices in hydrodynamics. These Kirchhoff equations are classical equations of motion. Therefore, classical
mechanics structure of the Kirchhoff equations admits both particle nature and wave nature of single particle
quantum mechanics in two dimensions.
In literature, the fractional quantum Hall effect ground state evolution is described by Laughlin wave
function [2], which is an ansatz, modeled in terms of Kirchhoff equations [3–6]. These Kirchhoff equations
(3) are in phase space and admit a Poisson bracket relationship [7] in terms of the complex coordinates given
by
{zi, z¯j} = −2iδijΓi. (4)
For more details, refer to [7]. The identification of z¯ = ∂zi = Pz with canonical momenta [3] allows one to
replace Poisson bracket with commutator
[zi, ∂zi ] = i~, (5)
where Γi = ~ is the Heisenberg uncertainty relation.
As an illustration we show that the logarithmic derivative of the Laughlin wave function looks like the
right-hand-side of the Kirchhoff equation and their one particle solutions are complex Hermite polynomials.
Then, we address the wave particle duality through Kirchhoff equation in terms of interference or as a relative
phase. We show that the equation for optical vortices is derived from Kirchhoff equation using paraxial wave
equation in presence of real constant background.
3II. SCHRO¨DINGER EQUATION AND KIRCHHOFF EQUATIONS
In this section, the Kirchhoff equations are derived from the Schro¨dinger equation by assuming the wave
function to be a polynomial like solution [13]. These equations describe the evolution of n point vortices in
Hydrodynamics.
Consider the time dependent Schro¨dinger equation with potential V (x) = 0
i
∂
∂t
ψ(x, t) = Γ
∂2
∂x2
ψ(x, t), (6)
where Γ = −~2m . By introducing a polynomial
ψ(x, t) = (x− x1(t))(x − x2(t)) · · · (x− xn(t))
=
n∏
k=1
(x − xk(t)), (7)
for n = 2 substituting equation (7) in equation (6)
− ix˙1(x− x2(t))− ix˙2(x− x1(t)) = 2Γ (8)
The equations at x = x1 and x = x2
x˙1 =
2Γi
(x1 − x2) , x˙2 =
2Γi
(x2 − x1) . (9)
By following a similar procedure for n = 3, the equations at points x = x1, x = x2 and x = x3 are given by
x˙1 = 2Γi
[
1
(x1 − x2) +
1
(x1 − x3)
]
x˙2 = 2Γi
[
1
(x2 − x1) +
1
(x2 − x3)
]
x˙3 = 2Γi
[
1
(x3 − x1) +
1
(x3 − x2)
]
The same procedure for n zeros gives
x˙i = 2Γi
n∑
i6=j
1
(xi − xj) . (10)
The equation (10) are known as Kirchhoff equations which describe the evolution of n point vortices in
Hydrodynamics. Therefore, Schro¨dinger equation can be written as a system of n linear equations (10).
Kirchhoff equations (10) with the background flow W(x) are given by
x˙i = 2Γi
n∑
i6=j
1
(xi − xj) + iW(xi). (11)
Solution to the stationary Kirchhoff equations (11), that is x˙i = 0, is found by Stieltjes electrostatic model
[14, 15]. In this model, there are n unit moving charges between two fixed charges p and q at −1 and 1
respectively, on a real line and it is shown by Stieltjes that the system attains equilibrium at the zeros of
Jacobi polynomials. Further, it is proved by the author that, Stieltjes electrostatic model is analogous to the
quantum momentum function of quantum Hamilton Jacobi [17]. Here the moving unit charges are replaced
4by moving poles. They are similar to imaginary charges with i~ placed between two fixed poles like fixed
charges. In the process, the background flow W(x) is identified with the superpotential.
In supersymmetry, the superpotential W(x) is defined in terms of intertwining operators Aˆ and Aˆ† as
Aˆ =
d
dx
+W(x), Aˆ† = − d
dx
+W(x). (12)
from this a pair of factorized Hamiltonians H± is defined as
H+ = Aˆ†Aˆ = − d
2
dx2
+ V +(x)− E, (13)
H− = AˆAˆ† = − d
2
dx2
+ V −(x)− E, (14)
where E is the factorization energy. The partner potentials V ±(x) are related to W(x) by
V ±(x) =W2(x)∓W ′(x) + E, (15)
where prime denotes differentiation with respect to x.
As an illustration, we solve the Harmonic oscillator in natural units using the Kirchhoff equations
n∑
1≤j≤n,j 6=k
1
xk − xj − xj = 0, (16)
where W(x) = xj is the superpotential of Harmonic oscillator.
By introducing a polynomial
f(x) = (x− x1)(x − x2) · · · (x− xn), (17)
and taking the limit x→ xj and using l’Hospital rule we obtain
∑
1≤j≤n,j 6=k
1
xj − xk = limx→xj
[
f ′(x)
f(x)
− 1
x− xj
]
= lim
x→xj
(x− xj)f ′(x)− f(x)
(x− xj)f(x)
=
f ′′(xj)
2f ′(xj)
. (18)
By substituting equation (18) in equation (16), we obtain
f ′′(xj) + 2xjf
′(xj) = 0. (19)
Hence equation (19) is a polynomial of order n, and is proportional to f(x) which gives Hermite differential
equation
f ′′(x) + 2xf ′(x) + nf(x) = 0. (20)
Here it should be noted that when we solve the problem for general potential say Q(xj) through Stieltjes
electrostatic model we end up with the following polynomial solutions
f ′′(xj) +Q(xj)f
′(xj) = 0. (21)
5Thus, the differential equation (21) will have a classical orthogonal polynomial solution only when Q(xj) =
W(xj).
As an illustration, consider the Coulomb potential whose superpotential is given by
Wcoul(rj) = 1
2
− (l + 1)
rj
. (22)
Then the Kirchhoff equations
n∑
1≤j≤n,j 6=k
1
rk − rj −=
1
2
− (l + 1)
rj
= 0, . (23)
Using the identity (18) and substituting in Kirchhoff equation (23) gives
f ′′(rj)
2f ′(rj)
− (1
2
− (l + 1)
rj
) = 0. (24)
The equation (24) is polynomial of order n given by
rf ′′(r) + (2(l + 1)− r)f ′(r) = 0, (25)
proportional to f(r) gives the Laguerre differential equation
rf ′′(r) + (2(l + 1)− r)f ′(r) + nf(r) = 0. (26)
Similarly, for super potential
W(xj) = p
xj − 1 +
q
xj + 1
., (27)
the Kirchhoff equations are given by
n∑
1≤j≤n,j 6=k
1
xk − xj −
p
xj − 1 −
q
xj + 1
= 0. (28)
Using the identity (18) and substituting in Kirchhoff equation (28) gives
− f
′′(xj)
2f ′(xj)
− p
xj − 1 −
q
xj + 1
= 0. (29)
The equation (29) is polynomial of order n given by
(1 − x2)f ′′(x) + 2[q − p− (p+ q)x]f ′(x) = 0. (30)
is proportional to f(x) gives the Jacobi differential equation
(1− x2)f ′′(x) + 2[q − p− (p+ q)x]f ′(x) + n(n+ p+ q + 1)f ′(x) = 0. (31)
Therefore, we can solve all the bound state problems in terms of Kirchhoff equations by using the Stieltjes
electrostatic model.
6III. LAUGHLIN WAVE FUNCTION
One of the well known examples of two dimensional systems is fractional quantum Hall effect. Robert
Laughlin proposed the following wave function as an ansatz for the ground state wave function of fractional
quantum Hall effect [2]
ψ =
∏
N≥j>i≥1
(zj − zi)n exp
(
− 1
4l2B
∑
i
|zj|2
)
(32)
where, zi = xi + iyi, N is number of electrons, lB =
√
~
eB is magnetic length, ~ is Planck constant, e is
electric charge, B is magnetic field, ωB is cyclotron frequency ωB =
eB
m , zi and zj are the position of electrons
for the ground state of a two-dimensional electron gas with the lowest Landau level, where n is written in
terms of ν = 1/n and n is an odd positive integer filling numbers. As the Laughlin wave function is a trial
wave function, it is not an exact ground state of any potential, in particular, not an exact ground state
of Coulomb repulsion problem. But it has been tested numerically, for the Coulomb and several repulsive
potentials, that the Laughlin wave function has more than 99% overlap with the true ground state [30]. The
gap vanishes at the edges and the fractional charges are calculated using Berry’s connection. In literature,
several model Hamiltonians have been proposed which can admit Laughlin wave function as a solution and
first model of its kind was proposed by Haldane [28]. The Berry connection for N quasi-holes are given by
[30]
A(ηj) = − iν
2
∑
1≤k≤N,j 6=k
1
ηk − ηj + iν
η¯j
4l2B
, (33)
here ηi are the positions of the quasi holes and the ν are the filling numbers defined in equation (32). A
similar equation for A(z¯j) exist which describes the adiabatic transport of quasihole at zi when all other
quasihole positions are fixed. Taking logarithm of Laughlin wave function (32) and then differentiating with
respect to z, equating the derivative to zero gives Kirchhoff equations.
i
d
dzj
lnψ(zj) =
∑
1≤i≤N,i6=j
in
zi − zj − i
1
4l2B
z¯j = 0. (34)
Equation (34) is Berry’s Connection (33) for the positions of quasi hole,s and the ν’s are filling numbers
defined in equation (32). Similarly, by taking the transpose of equation (34) we obtain an equation for A(z¯j)
∑
1≤i≤N,i6=j
in
z¯i − z¯j − i
1
4l2B
zj = 0. (35)
which describes the adiabatic transport of quasihole at zi when all other quasihole positions are fixed.
Therefore, from equation (34), it is clear that the Laughlin wave function (32) represents a Hamiltonian,
and the Kirchhoff equations are obtained by taking the minimum of logarithm of the Laughlin wave function
(32). This represents time independent Schro¨dinger equation with background flow W (z¯j) =
1
4l2
B
z¯j .
The equations (34) and (35) are Schro¨dinger equations, and it immediately follows that the Hamiltonian is
not hermitian as the superpotential is complex in nature. In other words, Kirchhoff equations are function of
holomorphic coordinates z = x+iy with the corresponding momenta ∂zi =
1
2 (∂xi−i∂yi) and antiholomorphic
7coordinates z¯ = x− iy with the corresponding momenta ∂z¯i = 12 (∂xi + i∂yi). One notices that the Laughlin
wave function (32) is a product of the van der Mondes determinant
∏
N≥i>j≥1 (zj − zi) times the Gaussian
weight function exp
(
−∑j 14l2
B
|z|2j
)
. The van der Mondes determinant is a function of holomorphic coordi-
nates, and the the Gaussian weight function is a function of holomorphic and antiholomorphic coordinates.
In literature these kinds of function are studied in Segal-Bargmann space.
It is well known in literature that the Laughlin wave function is obtained using Landau Hamiltonian with
interaction, for details readers may refer to [30].
The Hamiltonian is given by
H =
1
2m
pi · pi = ~ωB(a†a+ 1
2
) (36)
where, the momentum is defined in terms of minimal coupling pi = P + eA and A = − yB2 xˆ− xB2 yˆ. Then the
lowering operator is defined as
a =
1√
2e~B
(pix − ipiy) (37)
=
1√
2e~B
(
−i~(∂x + yB
2
) + i~(i∂x − ixB
2
)
)
. (38)
Using the complex coordinates z = x+iy and the corresponding momenta ∂zi =
1
2 (∂xi−i∂yi) is a holomorphic
function and corresponding antiholomorphic coordinates z¯ = x − iy and the momenta ∂z¯i = 12 (∂xi + i∂yi).
which allows us to define the following raising and lowering operators
a† = −i
√
2(lB∂z − 1
4lB
z¯), a = −i
√
2(lB∂z¯ +
1
4lB
Ωz). (39)
Then the lowest landau levels are defined as aψLLL = 0 where
ψLLL = f(z) exp
(
− 1
4l2B
|z|2
)
, (40)
where f(z) is holomorphic function. For particles N > 2 Laughlin proposed
ψLLL(z1 · · · zn) = f(z1 · · · zn)exp
(
−
n∑
i=1
1
4l2B
|z|2i
)
, (41)
and Laughlin proposed Ground state filling fraction ν = 1/m
ψ(z1 · · · zn) =
∏
i<j
(zi − zj)mexp
(
−
n∑
i=1
1
4l2B
|z|2i
)
. (42)
Here it should be noted that these raising and lowering operators defined in equation (39) are identical to
the intertwining operators Aˆ and Aˆ† defined in equation (12).
Then the Hamiltonian reads as
Hψ(|z|) = a†aψ(|z|) = (−∂z +Ωz¯)(∂z¯ +Ωz)ψ(|z|), (43)
where Ω = 1
4l2
B
, which gives
(∂2|z| +Ωz¯∂z¯ − Ωz∂z +Ω2|z|2)ψ(|z|) = 0. (44)
8The equation (44) is the complex Hermite polynomial differential equation [29] and its solutions are given
by
ψ(|z|) = 1√
2n n!
· (Ω)1/2 · e−Ω2|z|2 ·Hn (Ω|z|) , n = 0, 1, 2, . . . (45)
Therefore, for single particle Laughin wave function is solved using Kirchhoff equations and their solutions
are found to be complex Hermite polynomials.
IV. WAVE PARTICLE DUALITY
One of the major differences between classical mechanics and quantum mechanics is Heisenberg uncertainty
principle in terms of position and momentum given by equation (5). It is widely accepted that Heisenberg
uncertainty relationship is a restatement of wave particle duality, which is the corner-stone of quantum
mechanics. It states that quantum particles are both particles and waves. There are several theories based
on wave particle duality, of which the most widely accepted one is the principle of complementarity. The
essence of this principle is that quantum systems exhibit both wave and particle nature. However, the
outcome of an event is dependent purely on an experiment. Either the wave or the particle nature is
observed but both will not be observed simultaneously in a given experiment. Here, we address the wave
particle duality through Kirchhoff equations.
Consider Kirchhoff equations (3) with identical say Γ are given by
dz¯i
dt
=
n∑
1≤i≤n,i6=j
iΓ
zi − zj + iW (zi). (46)
where zi = xi+yi. By using the following identity [16] and substituting equation (18) in Kirchhoff equations
(46) one gets
f ′′(zj) +W(zi)f ′(zj) = u(zi) + iv(zi) = 0, (47)
where u(zi) and v(zi) are real valued function. If a relative phase in the Kirchhoff equations (47) is developed
and v(zi) is not a constant, it gives rise to wave particle duality. As an illustration, we consider the case
v(zi) is constant, which gives rise to optical vortices.
The optical vortices are defined as phase dislocation on the beam axis, the quantised orbital angular
momentum, of a Laguerre-Gaussian laser mode [18]. Optical vortex beams are described in terms of Laguerre-
Gaussian modes which are good approximation to the vortex modes created from Hermite-Gaussian laser
modes [19, 20]. It is well known that the Laguerre-Gaussian vortex beam state arises as a solution ot
the paraxial approximation of the Helmholtz equation for light or Schro¨dinger equation for electrons in
free space. The vortex states are solutions to the Schro¨dinger equation, Klein-Gordon equation and Dirac
equations [21–24]. The connection between optical vortices and Hydrodynamiccs is studied in ref [25].
In the equation (47), if v(zi) = P is a constant. Then, the equation (47) is written as
∂2u
∂z2i
+ 2ik
∂u
∂zi
= 0, (48)
9where k = P/Γ and the position of N vortices given by zα = xi + iyi. Under paraxial wave approximation
the equation (47) admit a wave equation which describes the optical vortices. Expressing the equation (48)
in terms of coordinates xi and yi gives
∂2u
∂x2i
+
∂2u
∂y2i
+ 2ik
∂u
∂zi
= 0. (49)
In optics the wave equation (49) is called paraxial wave equation and Gaussian beams of any beam waist w0
satisfy this wave equation [26] . In paraxial wave approximation, the term ∂
2u
∂z2
i
is neglected. Substituting,
the term ∂
2u
∂z2
i
back into the equation (49) gives
∂2u
∂x2i
+
∂2u
∂y2i
+
∂2u
∂z2i
+ 2ik
∂u
∂zi
= 0. (50)
The equation (50) is derived from the Helmholtz equation:
∇2ψ(xi, yi, zi) + k2ψ(xi, yi, zi) = 0 (51)
with
ψ(xi, yi, z) = u(xi, yi, zi)e
ikzi . (52)
Therefore, two dimensional n point vortices evolution described by Kirchhoff equations (46) with the identical
circulation strength with the constant imaginary background flow will admit a wave equation under paraxial
wave approximation.
In optics, relative phase gives rise to interference. It is well known, that the particle nature of electrons
passing through Young’s double slit experiment one observe interference pattern on screen which is the wave
nature of electrons. It should be noted, that Kirchhoff equations (10) are one dimensional and Kirchhoff
equations for the vortices (3) are two dimensional. Therefore, we claim, if Kirchhoff equations in differential
form (47) admits a relative phase then it gives rise to wave particle duality.
V. DISCUSSION
The fractional Hall effect is a topological insulator. In case of insulators, as the gap is large, it is char-
acterized in terms of band gap. If the insulators are connected, say from one insulator to another, without
changing the band gap, such that the system always remains in the ground state, they are called topologically
equivalent insulators. In other words, when some parameter of the Hamiltonian is slowly changed adiabat-
ically, the ground state of the system remains unchanged. Those insulators which cannot be connected by
the slowly changing Hamiltonian are called topologically inequivalent insulators. Connecting topologically
equivalent insulators gives rise to a phase transition resulting in the vanishing of gap. In this gapless state,
topological invariants are quantized giving rise to current. For fractional Hall effect, the Berry connection is
given in terms of equation (33), and the parameter ν gives topological winding numbers.
It is clear from the above how Kirchhoff equation (11) is derived from one dimensional Schro¨dinger equa-
tion. Hence, equation (11) and equation (33) both are Kirchhoff equations for one and two dimensions
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respectively. Therefore, we conclude the Schro¨dinger equation in terms of Kirchhoff equations is a Berry
connection.
In the classical Hamilton Jacobi, equation of motion is governed by the Hamiltonian and the problem is
solved by continuously transforming the Hamiltonian from the initial state to the final state through canonical
transformations. In quantum mechanics, equation of motion is governed by the Schro¨dinger equation which
is described by a Hamiltonian. It is well known that the Schro¨dinger equation is related to classical Hamilton
Jacobi equation in the limit ~ → 0. It is not possible to continuously transform Schro¨dinger equation from
the initial state to the final state through a canonical transformation as it has simple poles which are quite
evident when the Schro¨dinger equation is written in terms of Kirchhoff equations (11). The analogous n point
vortices of hydrodynamics with the fractional quantum Hall effect has allowed us to identify the Schro¨dinger
equation as Berry connection. Thus, making the Berry connection exact gives rise to quantisation. Hence, the
quantum numbers are topological invariants arising due to singularities in Schro¨dinger equation . Therefore,
we conclude that quantisation arises as it continuously connects the topologically inequivalent Hamiltonians
in the Hilbert space.
Mapping of Schro¨dinger equation to Kirchhoff equations allows us to draw the following conclusions: The
n point vortices are integrable unto three vortices [7]. If the vortices circulation strength is identical, then the
n point vortices, can be solved with Stieltjes electrostatic model and their solutions are classical orthogonal
polynomials [27]. The n point vortices with identical circulation strength corresponds to Schro¨dinger equation
and the solutions are classical orthogonal polynomials, and they are the basis in Hilbert space. Hence, the
first postulate : The state of a quantum mechanical system is completely specified by a function Ψ(r, t) is a
vector in complex Hilbert space. The complex Hilbert space arise because the Kirchhoff equations are solved
using Stieltjes electrostatic model with imaginary charges [17]. In Stieltjes electrostatic model, the n moving
charges between two fixed charges attain the equilibrium at the zeros of classical orthogonal polynomials
depending on the position of the fixed charges. That is, if the position of fixed charges are at ±∞ the system
attains equilibrium at zeros of Hermite polynomials. Hence, it is the statistical distribution of these charges
is given in terms of probability distribution. The probability distribution in terms of wave function is given
by ∫ ∞
−∞
Ψ∗(r, t)Ψ(r, t)dτ = 1. (53)
These Kirchhoff equations satisfy a Poisson bracket relationship in phase space which is identical to the
Heisenberg uncertainty relationship. Therefore, we conclude that the Kirchhoff equations, being classical
equations, describe both a particle and a wave equation nature of single particle quantum mechanics.
VI. CONCLUSION
In this paper, we have shown that the Kirchhoff equations are derived from the Schro¨dinger equation by
assuming the wave function to be a polynomial like solution. These Kirchhoff equations describe the evolution
of n point vortices in hydrodynamics. In two dimensions, Kirchhoff equations are used to demonstrate the
solution to single particle Laughlin wave function as complex Hermite polynomials. We have also shown
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that the equation for optical vortices, a two dimentional system, is derived from Kirchhoff equation by using
paraxial wave approximation. These Kirchhoff equations satisfy a Poisson bracket relationship in phase space
which is identical to the Heisenberg uncertainty relationship. Therefore, we conclude that being classical
equations, the Kirchhoff equations, describe both a particle and a wave nature of single particle quantum
mechanics in two dimensions.
[1] Daniel F. Styer et.al., Nine formulations of quantum mechanics, Am. J. Phys. 70, 288 (2002)
[2] R. B. Laughlin, Anomalous Quantum Hall Effect: An Incompressible Quantum Fluid with Fractionally Charged
Excitations, Phys. Rev. Lett. 50, 1395 (1983)
[3] P. Wiegmann, Anomalous Hydrodynamics of Fractional Quantum Hall States, Journal of Experimental and
Theoretical Physics, Vol 117, issue 3, 538, (2013).
[4] P. B. Wiegmann, Hydrodynamics of Euler incompressible fluid and the fractional quantum Hall effect, Phys.
Rev. B 88, 241305(R)(2013)
[5] Alexander G Abanov, On the effective hydrodynamics of the fractional quantum Hall effect, J. Phys. A: Math.
Theor. 46 292001, (2013).
[6] Paul Wiegmann and Alexander G. Abanov, Anomalous Hydrodynamics of Two-Dimensional Vortex Fluids, Phys.
Rev. Lett. 113, 034501, (2014)
[7] Aref H., Point vortex dynamics: A classical mathematics playground, J. Math. Phys. 48, 065401, (2007).
[8] E. P. Wigner, On the Quantum Correction For Thermodynamic Equilibrium, Phys. Rev. 40, 749 (1932).
[9] E. Madelung, Quantum Theory in Hydrodynamical Form, Translated by D.H. Delphenich, Zeit. f. Phys., 40,
322, (1927).
[10] Louis de Broglie. ”Non-linear Wave Mechanics: A Causal Interpretation”, Elsevier Pub. Co., (1960).
[11] Bohm, D., A Suggested Interpretation of the Quantum Theory in Terms of ”Hidden” Variables. I, Physical
Review. 85 (2), 166 (1952)
[12] Bohm, D., A Suggested Interpretation of the Quantum Theory in Terms of ”Hidden” Variables. II, Physical
Review. 85 (2), 180, (1952).
[13] Zeynep Nilhan GURKAN, Thesis ”Integrable Vortex Dynamics and Complex Burgers Equation”,
http://citeseerx.ist.psu.edu/viewdoc/download?doi=10.1.1.427.6347 &rep=rep1&type=pdf, (2005) Acessed on
07 March 2019.
[14] T.J. Stieltjes, Sur quelques theoremes d’algebre, Comptes Rendus de l’Academie des Sciences, Paris, 100 , 439-
440; Oeuvres Completes, Vol. 1, 440, (1885).
[15] T.J. Stieltjes, Sur quelques theoremes d’algebre, Comptes Rendus de l’Academie des Sciences, Paris, 100 , 620-
622; Oeuvres Completes, Vol. 1, 442-444, (1885).
[16] Mehta, M.L. Random Matrices, 3rd Edition, Pure and Applied Mathematics (Amsterdam), 142, Amsterdam,
Netherlands: Elsevier/Academic Press, (2004).
[17] K. V. S. Shiv Chaitanya, Stieltjes electrostatic model interpretation for bound state problems, Pramana journal
of physics, Vol. 83, No. 1, 139, (2014)
[18] Allen, L, M. W. Beijersbergen, R. J. C. Spreeuw, and J. P. Woerdman, Orbital angular momentum of light and
the transformation of Laguerre-Gaussian laser modes, Physical Review A, 45 (11), 8185, (1992).
[19] Lax, M, W H Louisell, and W B McKnight, From Maxwell to paraxial wave optics, Physical Review A, 11 (4),
12
1365,(1975).
[20] Padgett, M, An experiment to observe the intensity and phase structure of LaguerreGaussian laser modes,
American Journal of Physics 64 (1), 77, (1996).
[21] Bliokh, Konstantin, Yury Bliokh, Sergey Savelev, and Franco Nori , Physical Review Letters, 99 (19),
190404,(2007).
[22] Bliokh, Konstantin Y, Mark R. Dennis, and Franco Nori, Semiclassical Dynamics of Electron Wave Packet States
with Phase Vortices, Physical Review Letters, 107 (17), 174802,(2011).
[23] Bliokh, Konstantin Y, and Franco Nori, Spatiotemporal vortex beams and angular momentum, Physical Review
A, 86 (3), 033824,(2012).
[24] Schattschneider, P, and J. Verbeeck , Ultramicroscopy 111 (9-10), 1461,(2011).
[25] K. Ladavac and D. G. Grier, Colloidal hydrodynamic coupling in concentric optical vortices, Europhys. Lett. 70,
548-554 (2005)
[26] S. M. Lloyd, M. Babiker, G. Thirunavukkarasu and J. Yuan, Electron vortices: Beams with orbital angular
momentum, Rev. Mod. Phys. 89, 035004,(2017).
[27] Peter A. Clarkson, Vortices and Polynomials, Studies in Applied mathematics, 123, 1, 37, (2009).
[28] Haldane, Fractional Quantization of the Hall Effect: A Hierarchy of Incompressible Quantum Fluid States, Phys.
Rev. Lett., 51, 605 (1983).
[29] Allal Ghanmi, A class of generalized complex Hermite polynomials, J. Math. Anal. Appl. 340, 1395, (2008).
[30] David Tong, Lecture notes on quantumHall effect, http://http://www.damtp.cam.ac.uk/user/tong/qhe/qhe.pdf,
(2016) Accessed on 07th March 2019.
